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Renormalization Group for Markov Chains and
Application to Metastability

Elisabetta Scoppola’

Received December 31, 1993, final May 12, 1993

In this paper we introduce a new renormalization group method for the study of
the long-time behavior of Markov chains with finite state space and with trans-
ition probabilities exponentially small in an external parameter f. A general
approach of metastability problems emerges from this analysis and is discussed
in detail in the case of a two-dimensional Ising system at low temperature.
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1. INTRODUCTION

In this paper we study the long-time behavior of Markov chains with finite
state space S and with transition probabilities satisfying the following
condition: for any x, ye S, with x #y, if P(x, y) >0, then

exp{ —A(x, y)f —yB} < P(x, y) <exp{ —A(x, y) f + B} (1.1)

where A(x,y) assumes the values A,=0<4d,<4d,<---<4,, and
y=7(B)—0 as f— co. We will consider the case of f very large with
respect to the number of states |.S|.

Stochastic dynamics satisfying this assumption are, for instance,
Monte Carlo dynamical simulations of statistical models in the low-
temperature regime (as discussed in Section 3), or Markov chains related
to smalil random perturbations of dynamical systems (as explained in the
Wentzell and Freidlin theory™).

We introduce a new renormalization group method for the study of
these Markov chains, inspired by the analysis of metastability for the
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two-dimensional Ising model in the low-temperature regime, developed in
collaboration with F. Martinelli and E. Olivieri in ref. 8 (see also ref. 12).
Let me consider here a very simple example in order to illustrate the
problem and the main ideas of the paper.
Let S= {1, 1,.., N} be our state space, and to each state i we associate
a nonnegative energy function H(i); the stochastic evolution on S is defined
by a Metropolis algorithm: for each i# j

0 if |i—j]>1
P(i, jy=< sexp{ —[H(j)— H(H)1p if |i—jl=1 and H(j)>H(i) (12)
if i—j|=1 and H(j)< H()

A=

and P(i, i) is fixed by normalization:

PG, iy=1-3 P(i, j) (1.3)
JFE

The parameter f§ is very large with respect to N. See Fig. 1 for an
explicit example. We are considering in this way a kind of random walk on
1,.., N with a drift related to the gradient of H.

Suppose we now have to study the long-time behavior of this chain:
consider for instance the problem of the determination of the invariant
measure of the chain. In the case of the present example the solution is very
simple; in fact it is easy to verify that the invariant measure of this chain
is given by

o~ BH()

(i) = ————— (1.4)

T XN —BH(
ijle BH(J)

which is mostly concentrated in the states of minimal energy. If we look for
a solution of the problem applicable to more general cases, in order words,
without using the energy function H, the main difficulty of the problem is
then in its multiple tunneling structure. In fact, in the case of large § we
cannot use the ergodic theorem, that is, the Monte Carlo method, since the
process is trapped in the states corresponding to local minima of the energy
for times which are exponentially long in . We propose here a different
approach to the problem based on a multiscale analysis of Markov chains
satisfying (1.1) which enables us to control the convergence to equilibrium
of the chain.

In order to study the long-time behavior of the chain in a general case
we consider a classification of the states in S based on the stability of the
states on a sequence of time scales. We will show that such a classification
turns out to be different from that suggested in our example by the energy
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H(i). For each state 7 let Eo(i) be the mean time necessary to leave the
state & In our example these mean exit times are exponential in the
minimal energy differences

min([H(i+1)—H()] v 0, [Hi—1)—H({)] v 0)

where a v b=max(a, b). With such a quantity we can immediately
discriminate between the states which are completely unstable and those
corresponding to local energy minima. In fact, due to the structure of the
transition probability (1.1) there will be states which are completely
unstable in the sense that their mean exit time is of order one [in our
example the states i such that H(i)> H(j) for j=i+1 or i— 1], and there
will be stable states for which the mean exit time is exponentially long in
B (in our example the local energy minima). This means that starting from
a state x, in a rather short time the process typically (that is, with large
probability) reaches a stable state x, (or remains in the state x if this is
stable and x = x, in this case) where it spends a very long time, exponential
in B; after this time, that is, under the effect of a large fluctuation, the
process leaves the state x, and reaches in a very short time a stable state
x, (eventually x,=x,, that is, the process goes back to x;) and so on;
unstable states are visited only very briefly during these transitions.

To go on with our classification, we define a first time scale ¢, corre-
sponding to the smaller mean exit time from stable states and we look at
our chain on this new time scale. Only the stable states are relevant now,
since the ratio of the time spent by the process in unstable states during an
interval of time of length ¢,, with respect to the time spent in stable states,
is exponentially small in . Among the stable states with mean exit time of
order ¢, there will be states which become unstable on this new time scale
in the sense that the process typically leaves these states and reaches a
different stable state in a time of order s-¢, with s of order one.

In the present paper we realize this time rescaling by defining a new
Markov chain, corresponding to the original process observed at time
intervals of order ¢, on a new state space containing only the states which
were stable on the original time scale. For this new chain we can prove
estimates for the transition probabilities of the same kind as (1.1) and thus
we can iterate our analysis.

In this way at each step of the iteration we rescale the time by a factor
exponentially large in § and we renormalize the chain by considering only
the states which are stable on the new time scale.

The goal of this paper is to implement this rescaling in such a way that
quantities related to the long-time behavior of the original Markov chain,
e.g., the invariant measure in our example, can be estimated in terms of the
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new renormalized chain. In other words, we develop here a new approach
to the study of multiple tunneling problems in the general case, based on
a recursive procedure.

We want to note that the time rescaling proposed in this paper is
different from the simulated annealing procedure, where the temperature
is slowly decreased during the evolution of the process.”®) However, the
detailed description of multiple tunneling arising from our analysis can
open interesting perspectives from the point of view of applications.

Let me come back to the example with the particular choice of the
energy function H shown in Fig. 1. Figure la represents all the states
{1,.., 20} and all the possible transitions of the chain by means of arrows;
the numbers associated to each arrow arc the value of the quantity A4(s, j)
(in unity of energy).

Let M be the set of stable states with respect to the definition given
above; this set is represented by the points in Fig. 1b. Among these states
the less stable ones are 2 and 7, with

Eo(2)~Ea(T)~ef =1,

We will show that the chain represented in Fig. 1a observed at time of
order ¢, is a new Markov chain represented in Fig. 1b with transition
H(i)

[
[

T 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 '
0 1 0 0 4 0 1 0 7 4 0 9 8 0 0 0 4 2 2

2 0 7 9 0 2 0 2 0 0 2 7 0 3 3 5 0 0 ©

15 1 1 8 10

) S S S—
. C x>
) C : -

0

Fig. 1. The renormalization procedure in a simple example.
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probabilities P")(x, y) different from zero only if x and y are nearest
neighbor in M and satisfying (1.1) with

A y)= 3 (e x140) 1 (15)

i=0

where xo=x, x,=y, and |x;— x,, | =1, with n={y — x| — 1 and where the
term —1 represents the entropic factor due to the time rescaling, that is,
1=(1/f)In¢,. The values of 4")(x, y) are represented in Fig. 1b by the
numbers associated to the arrows.

In Figs. 1c and 1d we have the successive steps of the iteration up to
Fig. le where, under the effect of the rescaling, the initial multiple-well
problem is reduced to a double well.

We note that in this construction the states are classified in terms of
stability on different time scales and in this classification states of higher
energy can be more stable than states of lower energy for a given time scale
(see in the example the states 13 and 9).

The main difficulty in the implementation of this rescaling program is
that in general, that is, without additional assumptions on the chain, we
will not be able to define the new Markov chain corresponding to the
rescaled time and satisfying the hypothesis (1.1), on the same probability
space by means of a construction path by path, as one might expect, but
we have to consider as new state spacc the set of stable states modulo an
equivalence relation which will be precisely defined in the next section. This
implies that the new renormalized Markov chain is defined on a different
probability space and that the relation between the original chain and the
new one is not immediate as one might hope. However, it is possible to
state results relating the two chains and which are sufficient to study the
long-time behavior of the original process.

In Section 2 the renormalization procedure is described in the general
case, while in Section 3 the general scheme is applied to the study of
metastable states for the two-dimensional Ising model by considering the
Metropolis algorithm, and the results proved by Schonmann and Neves®*
in this case are rederived. Similar results may be obtained for different
choices of the algorithm as well, e.g., the Kawasaki algorithm, but in this
paper, for the sake of brevity, we will consider only the Metropolis case.

In Section 4 we discuss the relation between our approach and some
known results on Markov chains.

2. THE RENORMALIZATION PROCEDURE

For the reader’s convenience this section is divided into several parts.
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2.1. Hypotheses

We consider a Markov chain {X,},_,,,  on a finite state space S
with transition probabilities P(x, y) satisfying the ergodicity condition:

dn suchthat Vx, yeS P'x,y)>0

[where P"(x, y) is the n-step transition probability ] and also satisfying the
following additional property:

Property P. There exists a positive parameter f, a function
A(x, ¥),, x, y€ S, assuming values 4,=0<4,<4,< --- <4,, for some
positive integer n, with 4, < o, and a positive function y = y(f), with y -0
and f — oo, such that if x#y and P(x, y) >0, then

exp{ —4(x, y)—yB} < P(x, y) <exp{—A(x, y)f + B} (2.1)

We will denote by X,(x) the process starting at x at time 0.

2.2. The Large-Deviations Functional

Following the ideas developed in ref. 1 for the study of diffusion
processes in the small-diffusion regime, to each function ¢:N - S,
¢={¢,},.n> We associate a functional

r—1
I[O,z](¢)5 Z A(bi, $is1) (2.2)
i=0
where we define 4(x, x)=0 for each x€ S and A(x, y)= o0 if P(x, y)=0.
The following large-deviation estimates are easily proved:

Proposition 2.1. Let ¢ be a fixed function starting at x at time 0;
then:

(i) We have
P(X{x)=¢, Vse [0, 1]) Le @B +yip

(i) If ¢ is such that ¢, ¢, | for any se [0, ], then we have also a
lower bound:

P(Xs(x)=¢5 Vse [0, [])2@"[[0,1](45)!7**/1/3
(iii) For any constant r >0 and for any 7 <e* with o< 4,

sup P(Ipo (X (x))=r) e VY aireh
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where r v 4, =max{r, 4,}, with

3r< +1nt>
E=— —_
2\ g

We remark that here, and later on, the sup is actually a max (and the
inf is a min).

Proof. Points (i) and (ii) are trivial by the definition (2.2) and by
Property P.

Point (iii) is also very simple: suppose r < 4; if Iy (X, (x)) = r, this
implies that there exists a time s < ¢ such that 4(X,, X, ,,)=4, and then

sup P(Iro 1(X,(x))=r) < te” 4P +7P
In the case r> 4, if Iy (X,) e [jr, (j+ 1)r), j=1, 2,..., this implies that for

each j there exist times 0<(s; <s, < .-+ <s,<1 such that 4(X,, X, )=r,
with 37, r, =TI 4(X,) = jr and since

q<1[0,t](Xs)<(j+1)r
o4, T4,

we obtain

sup P(Io q(X,(x))2r)< ) P(Ipo n(X(x)) e Ljr, (j+1)r)
X J=1
< i e BT OB +In U+ Dyr/a
j=1

e(7r+£/3)ﬁ
<efrﬁ+xﬁ

o3 ¢
S TR S

2.3. The Stable States

Following the scheme of ref. 1, we can define an equivalence relation
in the state space S by using the functional (2.2). For each couple of states
x and y we define

Vix,y)= inf I1o,5(4) (2.3)
Lpigo =X, 1=y
and
X~y iff V(x,y)=WV(y, x)=0 (2.4}
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We say that x is a minimum if and only if
forany y#x Vix,y})>0 (2.5)

We will denote by M the set of local minima and we will show that
the states in M turn out to be the most probable ones.
For each x e .S we can define the first hitting time to the set M:

Tu(x)=inf{r>0; X,(x)e M} (2.6)

corresponding to the time spent by the process outside the set M. We have
the following:

Proposition 2.2. Let d =2y|S|; there exist constants T,e [0, S]]
and f, such that for any > f,:

(i) For any t>Ty:

sup P(t,,(x) > t) < at¥7o]
xes
with a=1— C™ for some constant 0 < C <1 and where [-] denotes the
integer part.
(ii) For any t>e%
sup P(t,,(x)>t) <exp{ —exp(66/2)}

xeS

Remark. We wish to note that this proposition is different from the
analogous result obtained in the case of a small random perturbation of
dynamical systems in ref. 1.

In fact in the present case the attractiveness of the minima is much
weaker; this is a consequence of the fact that in ref. 1 the process without
random noise corresponds to a deterministic dynamical system for which
the set M is the set of w-limit sets, that is, in the case of zero noise the
deterministic solutions have a deterministic and finite exit time from every
set not containing any w-limit set. In the present case this is no longer true
and in the case of zero noise (f = oo) arbitrarily long trajectories can exist
which never visit the set M.

Proof. First of all we want to define the possible classical time T in
which the process falls in one of the minima, where classical means in the
limit 8 — oo. For each xe S let

To(x) = inf{t > 0; 3¢; go = x, $,€ M with I 1(¢) =0} (2.7)

and
TO=Sup To(x) (2.8)



RG for Markov Chains 9

We first show that these times are well defined and that T, < |S|. It is
sufficient to show that for any x in S there exist Xe M, a time To(x)<|S],
and a function ¢ such that ¢o=x, ¢, =X and Iy 7y.)7(#) =0:

if xe M, then Ty(x)=0

if x¢ M, then there exists x; such that V(x, x,)=0 and V(x,, x)>0
if x;eM, then x=x,, Ty(x) is equal to the time minimizing V(x, x,)
if x, ¢ M, then there exists x, such that V(x,, x,)=0and V{(x,, x,)>0

if x,_;eM, then Xx=x,_,, Ty(x) is equal to the time minimizing
Vix,x,_;)=0

if x,_,¢M, then there exists x, such that V(x, ,,x,)=0 and
Vix,, x,_1)>0

The states x; in this construction must be all different; in fact, if
x, = x, with k <n, then the following would be true:

V('xk+15 'xk)z V(xk+laxn)< V(xk+15 xk+2)+ et V(xn~17xn)=0

which contradicts V(x, ., x;)>0.

Thus we can conclude that the sequence x; must be finite, and it stops
at ¥€ M; by the construction we have V(x, X)=0 and then if we choose
T,(x) as the time minimizing V(x, ) and ¢ the corresponding function, we
have proved that T, <|S| is well defined. We observe also that this func-
tion ¢, since it is a minimizing function, has the property that ¢,#4¢,,
Vs#1, s, te [0, To(x)]. We can then apply point (ii) of Proposition 2.1,
obtaining

inf P(X,(x) =g, Vse [0, To(x)])ze 7"

The conclusion of the proof now is very simple: in order to have the
estimate (i), we have to choose C =e~?. By applying point (i) with ¢ > ¢%#
we obtain point (ii):

sup P(ty(x)>1)<exp {[Tl] In(1 —exp( —yToﬁ))} <exp {—exp %}
x 0

Corollary 2.1. Let a€ (5, 4,/2—7v); for any ¢t > e* =T we have
sup P(X (x)¢ M)< e “2)F

Proof. We have
sup P(X (x)¢ M)<sup P(I,_1,4(X,(x))=4,)

+sup P(X,(x) ¢ M I, 1,q(X,)=0)
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The first term is estimated by Proposition 2.1(iii) and the second one
by Proposition 2.2(ii).

2.4. The Rescaled Markov Chain X,

These results suggest that if we look at the process X, on a sufficiently
large time scale, then it can be described in terms of transitions between
states in M; in this way only the behavior of the process on small times is
neglected. More precisely, we will construct a new Markov chain with state
space M, corresponding to the original process looked at at times
sufficiently large. Let us define

V, = inf Vix, y) (2.9)
xeM,yeS,x » ¥y
t,=e"1F+ok (2.10)

Let 6 be the shift operator for the Markov chain X, defined by
O({X0s X150y Xy }) = {X15 Xg000s Xy 150 } (2.11)

We will denote by 6, the p™ power pf 6:60,=60000 --- -8 p times. We
define now recursively a sequence of stopping times:

o=inf{1>0; X, # X} (2.12)
t=inf{t>0; X, e M} (2.13)
It if o>t
Cl_{r it o<t (2.14)
and for each n>1
Cn:Cn—l—i—ClOB{",l (2-15)

These times are stopping times with respect to the g-algebra associated
to the Markov chain. In fact ¢ and 7 are stopping times!); we have to
prove that {, is also a stopping time. If we denote by F, the o-algebra
generated by the process X, up to time ¢, then it is easy to show that the
event {{; <t} belongs to the g-algebra F,:

{tListy={o>r v {o<n}n{r<t}]

if 1>, and all these events belong to F,; if r<¢,, then the event
{{i<t}={1<1t)eF,.
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It is easy to prove! that if {, is a stopping time, then {, are stopping
times and that the sequence X, =X, is an homogeneous Markov chain.
For any xe M, we can then consider the new Markov chain X, with
Xo(x)=x.

Before giving an estimate on the transition probabilities of this chain,
let me comment on the relation between this chain and the chain which
could be considered, in analogy with the work by Wentzell and Freidlin, "
by looking at the original process at the jumping times between minima, by
using only the stopping times ¢ and 1 corresponding to the first exit from
the equivalence class of a minimum and to the first subsequent hitting time
to the set of the minima. Also with this chain one can study the long-time
properties of the process X, by adapting the techniques and the results
given in ref. 1. The crucial difference in the definition of the new Markov
chain {X,} considered in this paper is that it is strictly related to the time
scale ¢, in the sense that it essentially corresponds to the original process
viewed on this time scale and this turns out to be crucial in order to classify
different minima in terms of their stability, as we will clearify later.

For any couple of states x, ye M we denote by P(x, y) the transition
probability of the chain X, that is,

F(x,y)zP(Xgnz yIX, _ =x) (2.16)
We can prove the following:

Proposition 2.3. There exists §,>0 such that for any > 8, and
for any x, ye M with x + y we have the following:

(a) If for any time ¢ < |S| and any function ¢ such that ¢,=x, ¢,= y,
and ¢, ¢ M, , for any se (0, t), there exists s’ < ¢ such that P(¢4,, 4, ,,) =0,
then

P(x, y)=0
where M, , is the set of the minima with the exception of the states x, y

and all the states which are equivalent to x and y.
(b) Otherwise, if the quantity

A(x, y)= inf Ito.1(9) (2.17)

Lé:do=x.4,=y.¢s¢ My ,Vse (0,1

is well defined, then

tyexp{—A(x, y)B— 7B} < P(x, p) <tyexp{—A(x, y) B+ 7B} (218)

The quantity A(x, y) can assume the values 4, =V, <d,< --- <4,
with 4, <|S|4, and it is invariant with respect to the equivalence relation
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in the sense that A(x, y)=4(x’, '} if x~x’ and y~y'. The quantity 7 is
given by the following:

1 +1n2|S S|4
y‘:[(|S|+1)y+5+ *1n 2] |Jv[| |

3 Al"(y+5)+5]

which implies that y — 0 as f — co.

Proof. (a) If there does not exist a function ¢ and a time 7 < |S] with
¢0::x5¢t:i% and ¢S¢A1my for any SE(O’” SUthhat1%¢s5¢s+lr>O:
Vs < ¢, then obviously

P(x, y)=P(X;,=y| X, =x)<} ) P(X,=4)=0
r 4

where the second sum is taken over all the functions ¢ such that ¢,=x,
$,=y, and ¢ ¢ M, , for any se (0, 7). .

(b) First of all we prove that the quantity A(x, y) defined by (2.17)
is invariant with respect to the equivalence relation (2.4), that is, that
A(x, y)=A4(x',y') if x~x" and y ~ y'. Suppose that this is not true and, for
instance,

A(x, y)y<d(x',y") (2.19)

Then this implies that there exists a time ¢ and a function ¢ going from x’
to y' in the time ¢ without touching any other minimum in M, , and such
that Iy 1(¢) < 4(x', y"), contradicting the definition of A(x', ). In fact this
function can be constructed by considering the ordered sequence of the
following three functions: the function minimizing V(x', x), then the
function minimizing A4(x, y), and finally the function minimizing V{y, y).

Estimate from below: Let x + y and let {; =e"#~7%; we denote by
¢* the function going from x to y minimizing the quantity A(x, y) and by
=¥ the corresponding time for which we have the trivial and crude
estimate 7 < T'=|S|. We have

_ [41/T] )
P(X,y)Z Z Z Px(0'>nTﬁXnT=ZﬁXs=¢§’yvse[nT, nT+t'Z,y])

n=1 z~x

2[%1 P (o>nT)exp{—A(x, y)B—yTf} (2.20)

n=1
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by Proposition 2.1(ii) and by using the fact that X, r(x)~x if 6 >nT. On
the other hand, by the Markov property we have

P(o>1)=1—e V1b+8
P(o>5)=P(0>s—1)(1—e~V1F+18)
that is,
P(o>s5)=(1—e V1F+ihy
which implies
-1

e

Px(c;>nT)>Px(a>fl)>(1—e—Vlﬁ”ﬁ)fl;T (2.21)

for f sufficiently large. Estimate (2.21) in (2.20) gives

P(x, y)= [{)/TYe '/2) exp{ —A(x, y)B—yTP} > t, exp{ —A(x, y) B —7, B}
with

14+mn2T

B=(T+1)y+0+—

Estimate from above: We have
P(x, ) S P(X,(x)=yn1—0<e’’)+ P(1— 0> e%) (2.22)

The first term in the rhs of (2.22) is estimated as follows:

151
< Z P(XuNxvussmI[s,s+e‘w](Xt(x))ZZ(XL)}))

s=1

<Y Y PUoun(X(2) 2 A(x, )

s=1 z~x

<ty exp{—A(x,y)p +¢p) (223)

from Proposition 2.1(iii) with ¢ = {4(x, y)/4,}[y +J]. The second term in
the rhs of (2.22) by Proposition 2.2(ii) has a superexponential estimate,
giving the following global estimate of (2.22):

<t exp{—4(x,y)+7,}
with 7, < {4(x, y)/4,}[7 + ] +6.

The proposition is proved by choosing 7 = max(y,, 7,).

822/73/1-2-7
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Remarks. 1. The estimates on the time T, appearing in Propos-
tion2.2 and on the times corresponding to functions minimizing the
functionals A(x, y) in terms of the cardinality of the state space are clearly
very crude estimates which can be improved in concrete situations.

2. We observe that the states which are not minima, S\M, are
involved only in the definition of the quantity A(x, y); such quantities are
the analog of the quantities ¥, (K, K;) defined in ref. 1 (see Chapter 6).

3. We finally remark that the estimates given in Proposition 2.3 are
invariant with respect to the equivalence relation (2.4).

2.5. The Renormalized Markov Chain X, =X{"

From this last remark we are tempted to simplify our problem further-
more by reducing the state space from M to the space of the equivalence
classes corresponding to the states in M: M/ _ = M, and we expect that it
is possible to define a new Markov chain on the space A7 with transition
probabilities satisfying property P and thus we would have the possibility
to iterate our argument. However, such a program is not attainable in the
most direct way, because of the following remark. Consider our state space
M=m,umyu --- Um,, where m; are equivalence classes for the relation
(2.4), that is,

Vx, yem; X~y
and
Vxem;, yem; i#] X Fy
and consider our chain X,. If we define a new process
Y,=i iff X,em, (2.24)

on the state space M = {1, 2,..,r}, then we can ask if such a process is a
Markov chain. Unfortunately T cannot prove this except in the case in
which for each m,

Y P(x,y)= Y P(x,y) Vx' ~x (2.25)

yem; rem;

This relation is *“almost true” in the sense that by Proposition 2.3,
P(x, y) and P(x’, y) satisfy estimate (2.18) with A(x, y)=A(x, y), but this
is not enough to prove the Markov property for ¥,. An analogous problem
is present also in the case of the chain constructed in ref. 1. So a simplifica-
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tion of the process is not allowed in this strong sense of construction of a
new Markov chain path by path as suggested by (2.24).

On the state space M we can define a chain X, with transition
probabilities

2 W(x) X Plx,») (2.26)

1 xem, yem;

where v denotes the invariant measure of the chain X,. Here we use the
ergodicity condition for the chain X, in order to have v(m;) >0, Vi.

For such transition probabilities the estimate (2.18) is obviously true,
and the invariant measure of the chain X, is obviously {v(m,) },_1 ,,,,,
Let Wc M, Bc W, and W and B be the corresponding sets in M
(W=U);cwm;); we denote by g, (x, B) the probability that the process X,
starting at x, at the first entrance time in W hits the set B, and by (i, B)
the analogous quantity for the process X,. The following two lemmas can
be easily proved by applying the results of Lemma 3.3 and 3.4 of ref 1
(Chapter 6, pp. 179-183) to the process X, and to the process X,:

Lemma 2.1. For any xem,, ie M\W, je W,
{exp(—4riB)} Gw (i, /) < G (x, m)) < {exp(4riB)} G (i, ))

For the Markov chain X, we denote by E, 7, the mathematical expec-
tation of the number of steps until the first entrance in W, calculated under
the assumption that the initial state of the chain is x, and for the chain ¥,
we denote the corresponding quantity by E,7.

Lemma 2.2. For any xem,, ic M\W,

{exp(—4rip)} Efp <E.Ty < {exp(drif)} Eiin

In fact the quantities § (i, /) and E,f; can be explicitly computed in
terms of sums and products of the transition probabilities P(i, j) by means
of a graph technique. We do not develop here such an aspect, which can
be found in ref. 1. These lemmas enable us to obtain results on the long-
time behavior of the chain X,, and thus of the chain X,, by using the
simpler chain X, for which Property P holds. We have in fact the following
result relating the process X, to the process X, :

Theorem 2.1. Let Wc M, B W, and W and B be the corre-
sponding sets in M ; as before we denote by g,.(x, B) the probability that
the process X, starting at x, at the first entrance time in W hits the set B,
by E.ty, the mathematical expectation of the n umber of steps until the
first entrance in W, calculated under the assumption that the initial state
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of the chain X, is x, and by v the invariant measure of the chain; then for
any f sufficiently large and for any xem,, ie M\W, je W:

(i) We have

{exp(—=4riB)} Gw (i, /) <qw(x, m) < {exp(4r7B)} Gw (i, /)

(ii) There exists a positive # depending on y with >0 as f— o
such that

e*"ﬁtIE,-fﬁ,sEXTWSe”ﬂtIEifW

(iti) There exist constants C and 7', with " — 0 as f§ — oo, such that
for any Bc M

C-t,-e " 5(B)<v(B)<C -1, -e"*3(B)
and for any 4 < S\M, 3B < M such that:
v(d)<e ETTEY(B)
Proof. Point (i) is an obvious consequence of Lemma 2.1 and the
definition of the chain X,, from which g, (x, B) = §,(x, B).
Point (ii) follows from Lemma 2.2 and the following estimates:

Lemma 2.3. For any f sufficiently large there exist a small constant
¢, c—0 as §— oo, such that

HE Tpe P<E 1,<t,E.T,e*

Proof. By using the strong Markov property we have

ExTWzEx Z CnX(szn)
n=1

8 1

=F, Z [CI+CIOHU+ +€1°9£n_1]

n=1
XX W) (X, @ W) - p(X, W) x(X, e W)

=S Y EAr(X ¢ W) (X W) 0K ¢ W)

n=1 m=1

X EX;m[C1 WX, ¢W) EXgl WX, ¢W)- - x(X,,_, e W)}

n=1

4y Ex(Gw>n—1)Ey,_ {ix(X; e W)] (227)
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Since {, is given by
It

(=) (+ruX))ale=s)+txlo>1) (2.28)

s=1

we have the following estimates for (;:

(S +K+ Y ju(AxeS\M;1,(x)=)) (2.29)
j>K
Ozl —x(3xeM;o(x)<1,) (2.30)

with 7, =e"#~2# and thus we obtain

o a—2
Eqaw<(t;+K)E.iy+ ) T E, {X(fw>m)

n=1 m=1

XEy [ S AExe S\M; 14, (x) = ) 1(Xo ¢ W)

> K

xExslx(fW=n—m—1)]}

+ 3 E{uumn=1)Ey | T jrCxes\a; rM<x)=j)}

n= =K
) (2.31)
S(H+K)E Ty
+ Y Y PJ(ig>m) sup Pip=n—m—1)
m=1 n=m+1 yeM\W
xsup Z JPZ(TM(Z):.})
Z2¢M j> K
+ Z PXX(fW>n~1)Sup z .]PZ(TM(Z):J)
n=1 z2¢M j>K
S +K)E Tw+2E.Tysup Y jPAtp(z)=)) (2.32)
zgm j> K

and since by Proposition 2.2

sup Y, jP.(ty(2)=j)<e™*

z¢M j> K
for some constant o, by chosing K =e°” we obtain the estimate
E.ty<eP E 1y

with ¢ exponentially small in f.
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As far as the lower bound is concerned, by a similar argument we
obtain

M8

n-—2
Ety2l ETy—1, Z E{x(Tw>m) Exgm[XGXEM§ o(x)<1y)

n=1 m=1

XX(Xg1¢ W) Exglx(fwznwm— 1)]}

+ Y Edpltw>n—1)Ey yGxeMiolx)<i)}  (233)

n=1

By an estimate like (2.21)

sup P (o(x)<T))
x¢ W

<1—{1—exp(=Vif+7h)}"
S1—exp(—7 36~ ")l —exp(—je 7)< jexp(—yB)  (234)

we obtain

iwe P2t E TyeF

Iz

ExTWZ ;lExfW‘ ;1

for ¢>2y.
Point (iii) is an easy consequence of the fact that v coincides with v
and there exists a constant C such that for any B< S,

{1
v(B)=C ) V(»)E, ), 1s(X,)

yeM t=0

where the constant C is fixed by normalization.
In fact, if B, = M, by the definition of {,,

S}
v(B)=C Y VPE, Y x,y(X)

ye B
and for any ye M we have
{1 } ) ) e !
t1>Ey Z X{y}(XI)ZEy(O- v tl)Zth(o->tl)>~2_tl

1=0

where 7, =e"1#~78, as before.
For A = S\M, by using Proposition 2.2, we have

{1
WA)=C ) V(»E, Y 1X)<C-K-T,

veM =

for a suitable constant K independent of S.
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2.6. The Iteration Scheme

From these results it is now clear what the strategy suggested in this
paper is in order to study the long-time behavior of the chain X,: it can be
summarized in the following steps:

1. Construct the set M.

2. Consider on M the chain X, and calculate its transition
probabilities by means of the quantities 4(x, y).

3. Consider the new chain ¥, on #: we can call it X" on SU) = i7;
it satisfies Condition P; and then go back to step | for this chain.

We obtain in this way a sequence of chains X on the spaces S
which are smaller and smaller. The iteration scheme is the following:

SO =8 A9x, y)=4(x,y) defined by (2.1), 49(x, y)=A(x,y),
Vx, y e M, defined by (2.17), M® = M defined immediately after by (2.5),
V, is defined by (2.9); for any n > 1 we define the quantities

S = pn=1/ (2.35)
AP (x, ) =47 V(x, )=V,  Vx,yeS™ (2.36)
for any ¢: N — S
11 (#) = IZ: As, bir1) (2.37)
Volx, )= inf  I®(4)  ¥x,yeS® (2.38)
Lgido=x.bi=y
x~®y  ifandonlyif V®(x,y)=V"(p, x)=0 (2.39)
M®={xeS;¥yeS™, y £®x V"(x,3)>0} (2.40)
A(x, y)= inf I3 4(9) vx,ye M™
tido=x,¢ =y, ds¢ MW or g~ x, y.¥s€ [0, ] (241)
Vasr=__ 0 yiensf(n)x o, V(x, y) (2.42)
ty, = e r1b+os (2.43)

By Theorem 2.1 the results on the quantities ¢ (x, B), E, 7y, and v(B)
can be obtained by looking at the same quantities for the chains X .

2.7. Results in Some Particular Cases (X,=X,)

We remark that in the cases in which at each step of this procedure
there are no equivalent states, then stronger results can be obtained. In this
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cases in fact there is a correspondence path by path between the chains X,
and X, living now on the same probability space, and this implies that
not only the quantities ¢, {x, B) and E, 1, can be compared.

Theorem 2.2. If the chain X, satisfies the additional condition
Yn=0  VYxeS®, AyeSH, x#£y; x~My (2.44)

then for any > T,e’ . 2% with T, =t,-t,---t*, for any W< S® and for

any xe S®),

PhWQJ>U<P<ﬂ$uﬁ> >+ec@ﬁ (2.45)

T, 2%

for some constant ¢;, where t!}) is the hitting time to W for the process
X®, moreover, there exists a constant 4 such that

P(X(x)¢ S“*D)<e ¥ (2.46)
Proof. We have
P(t,(x) > 1) = P(t®(x) > v¥)(1)) (2.47)

where v*)(¢) is the number of transitions of the chain X within the
time ¢. This probability can be estimated in the following way:

& t
>-%1)<V(Ky)<ijk2k> (2.48)

and this last term has a superexponential estimate. In fact

t
<P <r‘,’{)(x) > T

P<wwo<;%>=P@m>ﬂ (2.49)

1

with m, = #(¢,2) and by a Chebyshev estimate, for any 1> 0 and by using
the Markov property, we obtain

P({,>t)<e ¥ [sup E e ]™
xeM
< ewite).tlml[sup E eArM]ml < e*/‘.teitlmleicml (2 50 )
x .
x¢M

for some constant ¢ independent of f, if A is sufficiently small, In
conclusion, (2.49) can be estimated by

< eflt/zezlc(t/tﬂ) < efc't (251)
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By iterating the same argument, we easily obtain that

1t
Pl vP() <
(v ) mk)

<P<v"“”(t)<

t t !
NPy < Dy
Tk_lsz)+ <" O<g o 0 Tk_lzk'1>

<e e’ (2.52)

since the second term in the rhs of (2.52) is estimated as in (2.51. With such
an estimate we can evaluate by iteration also (2.46) in the following way:

P(X(x)¢S¥* N P(X (x)¢ SP)+ P (Xi{‘;’;}(,)éS"‘“) A vE(E) > Tt2k>
%

+P<v""(t)< ><e"ﬁ (2.53)

T, 2"

for some constant 4, since the second term in the rhs of (2.53) can be
estimated by Corollary 2.1 applied to the chain X'%).

2.8. A Final Remark

Finally let me comment on the applicability of such a renormalization
procedure.

The crucial point in our construction is the evaluation of the quan-
tities A(x, y) in which also the nonequilibrium states in S\M have a role.
We note that we can replace the quantities A(x, y) with + oo for all the
transitions x — y such that the function #**) minimizing the quantity
V(x,y) [defined by (2.3)] in a time 7" is such that there exists
se (0, *¥)) such that " =zeM, ,. Such a transition x— y for the
chain X, can be neglected [i.e., we can consider P(x, y)=0] since it will
never appear in the functions minimizing V' and A?). In fact in this case
we have

Vix,y)=V(x,z)+ V(z, y) (2.54)

and the transitions x — z and z — y contribute with a quantity
AV, 2)+ APz, y)=A(x, z) =V, + Az, y)— V,
=V(x,z)—V,+V(z,y)—-V,
=V(x, y)=2V,<d(x,y)—V, (2.55)
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3. METROPOLIS ALGORITHMS FOR TWO-DIMENSIONAL
ISING SYSTEMS: METASTABILITY

In this section we want to apply the renormalization scheme developed
in Section 2 to the Markov chain given by the Metropolis algorithm for the
two-dimensional Ising system, providing a new proof of the results on
metastability obtained by Neves and Schonmann. %

Consider a ferromagnetic nearest-neighbor Ising model in a finite box
A< Z? of side L: to each x € A we associate a spin variable ¢(x) = +1 and
to each spin configuration 6 € { —1, +1}*=.S we associate a Hamiltonian

1 h
Hio)==3 ¥ o®oe(»-3¥ex) (D

x,yed,lx—yl=1 xed

where £ is a uniform external magnetic field, with fixed boundary
conditions.

In order to compute quantities such as the mean value of an arbitrary
observable f with respect to the Gibbs measure

o~ BHA®)

Z4

palo)= (3.2)

here Z, is the partition fuinction, with the Monte Carlo method one
considers a Markov chain {o,},_ 5 with state space S={—1, +1}", and
transition probabilities P(¢, ¢')= P(o,, , = ¢’'|a,= o) satisfying the detailed
balance condition:

ta(o) P(o,a")=p4(a") P(d’, o) (3.3)

and the ergodic condition.

An explicit construction of this Markov chain can be given by the
Metropolis algorithm, which is defined as follows: given the spin configura-
tion ¢ =0, at time ¢, in order to compute the configuration ¢,,,, we
choose at random with uniform distribution a site x in A and we compute

4. H(o)=H 4(0%)— H +(0) (3.4)
with

ooy Jo(¥) if x#y

a(y)—{_o_(y) it ox—y (3.5)

If 4,H(o) <0, we flip the spin at x; otherwise we flip it with a probability

exp(—f4,H(c))
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In terms of transition probabilities this correspond to the following
definition: if ¢ #¢’,

0 if 6'’#c"forall xeA

(1/|4)) exp{ —B(4 . H(c) v 0)}  if ¢’ =g for some x (36)

P(o, a’)={

As before, we will denote by ¢,(¢) the process starting at o.

This i1s one of the infinite possible algorithm we can construct satis-
fying the conditions of reversibility and ergodicity, and even if from a
numerical point of view this algorithm is not the best, we will study this
case in order to discuss the consequences of our multiscale analysis on
metastable situations. Let us consider the Ising model (3.1) in the case of
small positive 4 and with periodic boundary conditions on a sufficiently
large box A4, in the limit of small temperature. Consider the configuration
—1 in which all the spins are —1; in the case A=0 this state is an
equilibrium state of the system; however, for 4> 0 it becomes metastable
in the sense that the magnetic field decides the phase even if it is very
small, but its effects become relevant only on a scale sufficiently large
[I=1.(h)~2/h], as only on large scales does the volume energy dominate
the surface energy. From a dynamical point of view this means that starting
form the configuration —1 locally the system will undergo only small
fluctuations around the metastable state —1 for a certain amount of time,
very large if /h is large, until if will “tunnel” to the true equilibrivim +1.
The main physical feature of this transition is the existence of a critical
value /.(h) for the size of the droplets: droplets whose side is smaller than
[.(h) tend to shrink, whereas the larger ones tend to grow and there is an
“activation energy” which is necessary to create them.

A genuine dynamical argument for the existence of the critical size
I.(h) was introduced for the first time by Neves and Schonmann®* in the
framework of a regorous analysis of the Metropolis algorithm in finite
volume in the zero-temperature limit and by Martinelli et al.® (see also
ref. 9) for a random cluster algorithm (Swendsen and Wang dynamics) in
the thermodynamic limit at low temperature. Nucleation from a metastable
state is also studied in ref. 6 for an anisotropic Ising model at very low
temperature and in ref 7 in the case of isotropic nearest-neighbor and
next-nearest-neighbor interactions.

The main results proved in ref. 3 and 4 can be summarized as follows.

Let 7,(0)=inf{r>0; o,(0)=n} be the first hitting time to the
configuration 5 starting from o, so that t,,(—1) is the nucleation time,
that is, the time needed to reach the configuration +1; let R be the set of
configurations with all spins —1 except for those in a rectangle /, x/,,
which are + 1, and let /(n) = min(/,, [,) for every ne R.
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Theorem 3.1.%% For any 4 arbitrarily small, 4 <2, with 2/h not
integer and A sufficiently large:

(a) For all ye R: If I(n) < 2/h,

lim P(z_,(n)<t ,(n))=1

B — o0

If () > 2/h,
Jm P(r () <z _4(n))=1

(b) We have

Jim Peg(—1)<t,,(~1)=1

where G is the set of configurations in R in which the spins +1 forms a
square droplet of side /..

(c) We have

lim —élog E(tr,(—1)=TI(h)

B—

where I'(h) is explicitly computed in terms of the parameter of the
Hamiltonian:

F(h):4l(.—(lc2—lc+1)h~% (3.7)

with [, ={2/h]+ 1.
(d) We have

1
lim B—log(m(—l)) =I(h)  inprobability

B—

(e) t,.(—1)/E(r ,(—1)) converges in distribution as §— oo to an
exponential random variable of mean one.

All these results are obtained with the volume A and & fixed, with
L>»2/h, and f is subsequently taken large enough.

We will give here the strategy of a proof of Theorem 3.1, which is
completely different from the original proof given in refs. 3 and 4, based on
the multiscale analysis developed in the previous section, for the Markov
chain defined by (3.6).
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Our proof is by induction. We define, first of all, the step 0 of our

induction and we prove it.

Step 0. The starting point is the construction of set set M ©®' = M of
the minima [see definition (2.5)]. For any configuration ¢ we denote by
C . (o) the set of plus spins:

C.lo)={xed;o(x)= +1} (3.8)

Lemma 3.1(0). A configuration ¢ belongs to M, ie., it is a
minimum, if and only if

VxeC, (o) Y o(y)>0
yily—xi=1

VxeC_(o) Y o oe(y)< -2
yily—x|l=1

This means that a configuration ¢ belongs to M if and only if
C,lo)= U R

where R’ are rectangles on the lattice of sides /{ </} with /] > 1 for any i,
and dist(R’, R/)>2 if i # .
This union can be empty, that is, —1 is a minimum.

Proof. Suppose that
C,(0)#|{J R
or

C.(e)={JR"  butwith /j=1 forsomei

or
dis(R, Ry <2 forsome i#j

Then there is an xe A such that at least one of the following statements
holds:

(a) o(x)= +1 and at least three among the four nearest-neighbor
sites of x are —1.

(b) o(x)= —1 and two nearest neighbors of x are + 1.
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Then there exists a configuration ¢’ such that V(e,o')=0 and
V(ieo’, 0) >0, where ¢’ is given by ¢ [see (3.5)] for x satisfying (a) and (b)
and thus ¢ is not a minimum.

If C,(0)=\J; R with I\ >1 for any i, and dist(R’, R’)>2 if i # j, then
for every xe A the configuration ¢* has H (o) > H ,(¢) and thus o is a
minimum.

Lemma 3.2.(0). The chain X® = X, has nonequivalent configura-
tions and thus, M = S,

The proof easily follows from the fact that for our chain A(c, n)=0
implies H(c) > H(n).

We have now to evaluate the transition probabilities for the new chain
in M. Let 6e M, 6 # —1 be a configuration such that

C.lo)=UR
iel
For each iel and j=1,2 we denote by T+1)) and o _ ) the stable
configurations given respectively by the creation or the annihilation of a
row L; of length /] in the rectagle R". This means the following: let 7 be the
configuration defined by

C.(m=RuUL; |J R
kel k#i
where R'U L’ is a rectangle of sides /{, /;+ 1, and R*U L} is a rectangle
of sides I{ + 1, 1§ (see Fig.2).

If  is stable on scale 0 (yne M), then Ty =" otherwise the
configuration o, is the stable configuration to which n is connected.
In fact, if # ¢ M, this implies that R'U L} has a distance equal to 2 from
another rectangle R*. In this case the conﬁguratlon Ot is such that its
C . set contains the smallest rectangle containing R’ U L’ U R*. In general,
o4 is the stable configuration such that there ex1sts a sequence of
configurations ¢, such that ¢o=n, ¢, =0, 13, and I,(¢)=

i RS %

;

Fig. 2. The sets R and R'U LY.



RG for Markov Chains 109

An analogous definition can be done for o _ " if (R \L) is a
rectangle with the smaller side larger than or equal to 2, ie, if the
configuration # such that C ()= (R'\L}) Uy, »; R* belongs to M, then
O(-p)=H

Otherwise

C+(O-(~L;)): U R

kel ki

0.1 and o, are the configuration “near” ¢ in the following sense:

Lemma 3.3(0). (a) We have the following:

A(o, O(srh)=2—h (3.9)

Al7—1) i <l

, 1
>2—h if 1>, (310)

A(o, G L)){

(b) For any n# o, Viel j=1,2, at least one of the following
statements holds:

1. If 6 and # are such that C_(y) ¢ C (o), then for any sequence ¢,
with gy=a, ¢,=n, and ¢, ,=(4,)", Vs<t, for some x, there are
k=k(¢$)>1 times in which a new row of plus spins is created, that is,
Iy sy i, such that C(¢,)=C, (¢, )V {x,}, where, in the configuration
¢;,_1, x; has at least three minus neighbor spins. Let k=k(o,n)=
inf, 4.4,— s.4,= K(#). In this case

Ao, n) = (2 —h)k (3.11)
2. If o and # are such that C  (g) ¢ C, (), then either
Ao, n)=2+h (3.12)
or

Ao, m)=h(Cla,n)~r(o,n))= Y [A(I"~1)] (3.13)

m<r(a,n)

where C(a, #)=|C,(e\\(C.(n)C (0))], ¥(J,n) is the number of rows
in C,(e\(C,.(n)nC (0)), and the [ are the lengths of a sequence of
rows L™ such that {J,, <, L"=C,(e)\(C (1)) C (c)). We stress
here that a row L is a set of plus spins L= {x,};_, with x,=x,+keé,,
where e, is a unitary vector of the lattice and o(x, +¢,) = +1 for some ¢;
orthogonal to é,, o(x,—é)= —1 and o(x,—é&)= —1=0(x,+¢,). We
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note that C,(a)\(C (1) C.(g)) can always be written as \J,, < .,y L™
with /"> 2, since g,ne M. We also remark that the number r(o, 5) is
independent of the choice of the sequence of L™ and it can be defined in
the following way: if C, (o) & C, (n) for any sequence ¢, with ¢,=o0,
d,=n, and ¢, =(¢,)", Vs <1, for some x,, there are r=r(¢) =1 times in
which x in the configuration ¢, is a plus spin with three minus neighbor
spins.

Let r=r(o, n)=inl, 4. 40— 5.4,—, "(¢). By definition, r(a, n) =k(1, o).

(c) Let o, be a configuration such that C, (o,)=0Q, with Q, a
square of side /; then

A4(—1,0,,)=8—3h (3.14)
and for every 6 e M, 6 # 7,

A(—1,0)24(—1,0p)+K(2—h) (3.15)

where K=k(o,, o) =inf,,¢;¢0=(,gz,¢1:cr k(¢) [see definition in point (b1)].
(d) Moreover,

Ao, n)=h implies H(s)> H(n) (3.16)

Proof. First of all a general remark: for any 6. ne M, if C () has a
row of length 1 which is not in C, (¢), then from any ¢ going from 75 to
o we have

=h(l—1) if /1<,

149) {>2—h if 121, (3.17)
and for any ¢’ going from ¢ to y we have
I(¢)=2—h (3.18)

In fact, either the function ¢ has a move with A4(¢,, ¢, ,) =2—h, and
in this case (3.17) is verified, or it is a sequence of single-spin-flip moves
such that there exists at least /— 1 times s,,.., 5,_, such that at each s, a
plus spin, with two neighbor plus spins, is flipped to minus. Thus (3.17)
is trivially verified if we note that in the case /=7, the inequality
({—1)h>2—h holds true.

In the function ¢ there must exist at least a time s in which a new row
is created, that is, a minus spin with three neighbor minus spins is flipped
to plus.

(a) To prove (3.9), we note that

4(o, 5(+Lj))<1r(¢) (3.19)
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with 1=1, ¢y=0, and for k<1, C ,($) = R'U x; Ujec 112 R, where ¢, is
a row of sites of length £ and R'u ¢, is given in Fig. 3,
For such a ¢ we have

I(¢)=2~h

since only the contribution due to the first transition o — ¢; is different
from zero.
On the other hand, by (3.18),

A(o, Gsip)=2—h

and thus (3.9) is proved.
In order to obtain (3.10), we follow a similar argument with a function
¢’ such that ¢y, =0 and for k</¥, C(d})=(R\¢cx) Useri: R

(b) Let now g # T+ Viel, j=1, 2, and suppose that there exists
a point xe C_(n) such that x¢ C, (o). This implies that every function ¢
realizing the transition ¢ — n must have at least a time in which a new row
is created somewhere. If k£ is the minimal number of rows which have to be
created in order to obtain %, then (3.11) follows from the definition of

A(a, 1).

Suppose now that C (o) ¢ C(5); then either the configuration # is
obtained by ¢ with at least a move corresponding to a 4(¢;, ¢, + 1) =2+ h,
and then (3.12) holds, or otherwise for each function ¢ going from o to #, for
each time i in which a plus spin is flipped to minus we have A(¢;, ¢;,_,)<h.
This means that there are r > 1 entire rows L',.., L" of plus spins contained
in C, (o) which are annihilated with this procedure with a contribution of
A(o, 1) equal to iy (I/—1). Thus (3.13) is proved.

In order to prove point (c¢) of the lemma, we consider the function

go=—1, C.(p)={x}, Ci(g:)={x,x+e}
C+(¢3): {x,x+e1,x+ez}, C+(¢4)= {xax+elax+ezs X+€1+€2}

I R’

;

Fig. 3. The set R'uc;.

822/73/1-2-8
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where e, and e, are the basic unitary vectors of our lattice, and
I($)=4—h+2—h+2—h=8-3h

Also in this case we remark that each function ¢’ going from —1 to
0o, has a functional I,(¢’) > 8 — 3h, since there must exist at least a time s,
in which a minus spin four minus neighbor spins is flipped and at least two
subsequent times s,,s;>s; in which a minus spin with three minus
neighbor spins is flipped to plus.

In order to prove (3.15), we note first of all that for each ¢ e M with
C,(6)=U);c; R, in the function ¢ minimizing A(—1, o) there are |I| times
in which a minus spin with four minus neighbors is flipped. In fact the
mechanism of creation of a new cluster by splitting is not competitive since
it requires a larger functional

2—h+4+2—h+2—h+h>4—h
By an argument similar to that of (3.18) we obtain

A= o)=1|(4-M)+Q2—=h) Y (li—-1+1i-1)
iel
and (3.15) easily follows.

(d) I_f A(a,n)=h, by Egs. (3.9)(3.12) this implies that C.(o)=
C.(n)u Ly, where L} is a row of length 2 and thus H(y) < H(o).

Lemma 3.4(0). We have
Vi=h,  t,=e"+ (3.20)

The chain X"’ on M =S, corresponding to the original chain with
a rescaled time by the quantity 7,, has transition probabilities given by the
quantities

A(a, )= A(a, n)—h (3.21)
with A(o, ) evaluated in Lemma 3.2(0).

Proof. The proof of (3.20) easily follows from (3.9)-(3.12). The
transition probabilities of the chain XV are evaluated by Proposition 2.3.

Definition of Step n. The Markov chain X defined on the state
space S has the following properties:
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Lemma 3.1(n). A configuration ce M, ie, is a stable state for
the chain X, if and only if

Ci(e)=U R
where R’ are rectangles of sides /! </! with /{>n+1 for any i, and
dist(R’, R’)> 2 if i # j. This union can be empty, that is, —1e M ™.

Lemma 3.2(n). The chain X has nonequivalent configurations
and thus M= S"+1),

Let o, 1 and o _ L) be defined as in step 0, where now A is replaced
by M,

Lemma 3.3(n). (a) We have the following:

A™(0, 0, 1) =2~ (n+1)h (3.22)
5‘”)(0,6(_4)):/1(1}*(”4'1)) Vi, j; i<, (3.23)

(b) For any 5 # ¢ at least one of the following statements holds:

1. If C,(y) & C,.(0) and k=k(o,n) is the minimal number of the
new row of plus spins which have to be created [see Lemma 3.3(0)],

ANa, )= [2—(n+ V)h]k (3.24)
2. If C (o) ¢ C,(n), then either
Ao, n)=2—(n—1)h (3.25)

or
Ao, n)=h[Clo, n)—r(o,n)(n+1)]= Y [MI"—(n+1)] (3.26)
m<r(o,n)

where r(o, 1) and C(o, ) are defined as in Lemma 3.3(0).
(c) We have

AN (=1,04 )=4""D(=1,0, )+4—20n+1)h—3k (327)

for any I>n+2.
For any ce M, 6 #0,, ,,

A™(=1,0)=AW(-1, Go,.,) +KQ2—(n+1)h) (3.28)
where

K=k(o,,, ,,0)= inf k(9)
.4i60=0g, 1. h1=0.pist=($)
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(d) Moreover,
A (o, n)=h implies H(s)> H(n) (3.29)
Lemma 3.4(n). We have
Vasr1=h, 1, =" (3.30)

The chain X"*Y on M™=S8"*1 corresponding to the original
chain with a rescaled time by the quantity 7,,,=1,,t,---¢;, has
transition probabilities given by the quantities

4" g, n)=A4"(o,n)—h (3.31)

with 4™ (g, ) evaluated in Lemma 3.3 (n).

From Step n to Step n+1

Here we prove the results stated in the previous subsection by
induction. We suppose that they are proved up to steps n </, —3.

Proof of Lemma 3.1(n+1). A configuration ce S”*Y =M™, by
Lemma 3(»), is such that

C,lo)= U R

where R’ are rectangles of sides [} </; with /[ >n+1 for any i, and
dist(R, R))>2 if i# J.
If ¢ is such that there is / with /; =n + 2, then by Lemma 3.3(n) we can
show that ¢ is not stable on scale n+ 1; in fact,
47+ (g, O(—1y) = A"(a, 1) —h
=}~ (n+ 1) —h=h—h=0
On the other hand, for any configuration neS”*" such that
li>n+2 for any i, by Lemma 3.3(n), we have that
ATy, ) >0 V(eSnth
Proof of Lemma 3.2(n+1). This result easily follows from (3.32)
and Lemma 3.3(n)(d), since
A(n+1)(o-a 71) EZ(’I)(O-> ’1)_h=0
implies
H(o)> H(n)
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Proof of Lemma 3.3(n+ 7). (a) Equations (3.22) and (3.23) at step
n+ 1 easily follow from Eq. (3.31) and by Lemma 3.3(n) (a) and (b).
In fact,

300,01 1p) = inf 10+ (g)

t
tpe DS U)igo= 0,6, = 0(+ L), ¢;¢M::(‘+’L,

A7+ Y (g, O(+1) )=d4"g, U(+L}))_h:2”‘ (n+2)h

and for any ¢e ®(S" ") going from ¢ to 0+ in a time ¢> 1 without
touching M ‘"“)) there exists at least a time s< such that ¢, , and ¢,

o, 0041

verify case (bl) of Lemma 3.3(n) and thus
A0+ (g, 0'(+LJ'.))=A("+1)(°" Orhy)=2—(n+2)h
In the same way
A" o, 0_1y)=4""o, 0_py) =h(l]— (n+2))

since for any ¢ € &(S”*") going from ¢ to o, £y in a time > 1 without

touching M"Y and minimizing 7,(¢), there exists at least a time s <7
g T, 0(+ L) g

such that A"“’” (¢s» #s1)=2—nh or a time s such that Lic C, (¢,) but
L; & C,(¢,.) and in this case 47+ (g, ¢, )2 h(l]— (n+2))

(b) Equation (3.24) at step n+ 1 follows from the same equation at
step n. In fact, if C, (1) ¢ C (o), then for every function in ¢ € (S"+ 1)
such that ¢, =0, ¢,=1n, let k(¢,, &, 1) be the minimal number of new rows

of plus spins which have to be created at step i. By the definition of k we
have that

k(po, 61) + k(1> ¢2)+ -+ +k(d, 1, ¢) = k(0. 1)

In particular, this inequality holds for the function e @(S"+V),
minimizing the quantity 7”"*" in the definition of 4")(a, 5). By applying
Lemma 3.3(n)(bl) and Eq. (3.31) we obtain

Aa, n)=1"*(P)
= z 4G, 4)

i<tk(dio1,6i)21

> Y 2=+ DRIk, d)—h

IStk(gim1,41)2 1
2[2—(n+2)h] Z k(g: 1, )
iIStk(Gio1.di) =1

Z[2—(n+2)h] k(o, n)
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If C,(c6) & C,(n), let § be a function in &(S”*V) minimizing the
quantity 7"+ in the definition of 4"(a, 7). If § reaches 5 in only one
step, then the result follows from Lemma 3.3(n)(b). If ¢ needs more than
one step, say ¢, then we have two possibilities:

(i) There exists 1 <k<t such that 4A“*Y(¢, ,,4,)=>2—nh and
thus (3.25) at step n+ 1 holds.

(i) For any 1 <k <t we have 4" (#, _,, ¢,) <2 — nh; then by the
result at step # we have

A" 9(5, 0) =17 1(G)
= Z ANy, )
EC(dimt) & Cyld)

> y Y Al —(n+1)]1—h

EC{dim1) & Cyld) mi<rn

= Z A" —(n+1)]—h
mel(§)

=h[C(o,n)—r(o, n)(n+2)]

where r;=r(4, ), ¢,), 1(§) is the set of index of rows which are annihilated
along the function ¢ such that {),,c 44) L =C (e \[C ,(n) " C ()], and
with |1(¢)| = r(o, ).
(c) By the definition of 4”* ! and by Lemma 3.3(n) we have that
A" (=1, 0g, ) <4" (=1 0g,,,)
+A(n+1)(aQn+z’ 0Rn+2.n+3) +A(n+l)(o-Rn+2,n+3’ GQn+3)
= AM(—1, 04 )+2[2— (n+2)h]—3h (3.32)
We have to prove that for every ¢ e @(S”"*") such that

o= —1, $,=00,.: p g MUFD Vs<t

71’0Qn+3’

then we have
It(n+1)(¢)>j(n)(_1, aQn+z) +2[2—(n+2)h]-3A

If ¢, =0y,,,, there must exist in ¢ two times iy, i, between 1 and ¢
such that k(¢ _,, #,)=1 or a time i in which k(¢,_, ¢;)=2. In both
cases by (3.22) and (3.24) the result follows. If ¢, #0,, ,, by (3.28) we
have

ACTD(—1, $,) =2 A (~1,0,,,,)+k(ag,,,, $:)[2— (n+1)h] —3h
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with k>1 and if k=1, by (3.22) and (324), 4“4, _,,¢,)>
2—(n+1Yh—h To prove (3.28) at step n+1 we note that for every
ceM"t, g0,

A"T(=1,0) =11 ()
for some function ¢ € ®(S”* ") minimizing 4”*(—1, o) and thus

Z(n+l)(_1, 0')
=2 A"(-1,04,, ) +k(og,., ¢ )2—(n+1)h]—h

+ Y {[2’“(n+1)h]k(¢;i715¢-i)—h}

ik(di-1. ¢ = 1
=4"(—-1,0,4,, )+ [2—(n+ D)h]lk(og,.,, $1)
+ Z k(:_1, ¢_i)_h(1+Card{i;k(¢_i41,¢~i)>1})]
Lk(Gi1.4) =1
(card is the cardinality)

2 A" ~1, 0, )+k(og,., 0)[2—(n+2)h]

Proof of Lemma 3.4(n+1). By Lemma 3.3(n+1)we have V', ., =4
and thus the lemma follows from Proposition 2.3.

The Step /.—2

Up to now we have proved that for any n</,—3, Lemmas 3.1-3.4
hold and thus the transition probabilities of the chain X' =2 can be
computed by means of the equality 4%~ (., .)=A4%"3(.,.)—h.

Lemmas 3.1-3.3 at step /,— 2 hold and the proof is exactly the same
as before, but now

V, 1= inf A% g, n)=2—(.—)h<h

e Mlc—2)

Thus the chain X'“~" is such that 4%~ "(s, o, ) =0 and thus the
only configurations belonging to M~ are +1 and —1, and

V= A0 (=1, +1)= 3% (=L op)—2+ (L~ )k (333)
We can conclude that the chain X*) on the states space {—1, +1} has
AW(—1, +1)= A=1(—1, +1)— ¥, =0 (3.34)

that is M@= +1.
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Proof of Theorem 3.7. With this construction the proof of
Theorem 3.1 is quite simple. We observe that with the notation given in
Lemma 2.1

Pt (n) <t5(n))=q 14051, 4) (3.35)

and thus it is sufficient to control such quantities for one of the chains X .,
If we look for instance at point (a) of the theorem, if /(y)=1 then
neMU=?, but n¢ MYV, If we look at the chain X“ ! defined on
MUY= 2 we have that

P(n, —1) is of order one

and
P(n, M"~Y\ —1) isexponentially small in § foreach ne MY~ N\MU~D
(3.36)
We can estimate P(7_,(n)>1,,(n)) as follows:
<P(’L’M([q)(ﬂ)>€5ﬁ)+P(‘L’M(/~1)\,1<€6ﬁ) (337)

The first term is estimated by Proposition 2.2 and turns out to be
superexponentially small and the second one tends to zero as 8 tends to
infinity by {3.36). The proof of point (b) is completely similar.

Point (c) follows from Theorem 2.1(ii) and the evaluation of
E"%(z _,(—1)) for the chain X ). In fact, by (3.34),

%log E¥(c, (~1)=0

and thus by Theorem 2.1(ii)
1

ﬁlog E(t (—1)=V,+V,+ - +V, =(.—2)h+ 4% (-1, 0,)

(3.38)
By Eq. (3.27) we have
ACD(=1,0,)=8+4(/.—2)=h[3+3(,—2)+(I.— 1)(I,—2)]
=41, —h[12—1] (3.39)
and by (3.38)

%logE(rH(—l)):(16—2)h+4lc—h[lf— 11=41,—h[I2~ 1, +1]
(3.40)
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Points (e) easily follow from Theorem 2.2 and standard arguments (see,
e.g., ref. 10):
If we define

flo, 1)=P(r (o)>tE(r . ,(—1))) (3.41)

we have to prove that

f(=Lt+s)=1(—11) f(—1,s)+0(p) {3.42)

with o{f) - 0 as f — oo. This is an easy consequence of Theorem 2.2; in
fact, by using the Markov property and the fact that SU={+1, —1} we
obtain

F(=1 45 = (=1, 1) f(~ 1L, $)+ P(Xpe, 1y £5W) (3.43)

Point (d) easily follows from points (c) and (e).

4. SOME REMARKS ON THE RENORMALIZATION PROCEDURE

As is well known in the theory of Markov chains (see, e.g., ref. 1), the
invariant measure of the chain X, with finite state space S and transition
probabilities P(i, j) can be computed in terms of a graph technique which
is summatized here.

Let W be a subset of the state space S; a W-graph is defined as a
graph consisting of arrows m—n, me S\W, ne S, n#m, satisfying the
following conditions:

1. Precisely one arrow comes from any me S\ W.
2. There are no closed cycles in the graph.
The set of all W-graphs is denoted by G(W) and for any graph

g€ G(W) we define n(g) =11, ,cs P(m, n). With these notations it is very
easy to verify that the invariant measure v of the chain X, is given by

v(i}= Z'SQ'I 0, (4.1)
where
Q.= ) nlg) (4.2)
geG{i}

by showing that Q, satisfy the invariant equation

IS

Qi: Z QjP(ja i) (4~3)

j=1
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If we suppose that the chain X, is ergodic and satisfies Hypothesis P
[where we consider A(x, y)= oo if P(x,y)=0], then the quantities n(g)
can be estimated by

e ARB—ISB L g g) L e AOB IS (4.4)
where
A(g)= ) Ad(m,n) (4.5)
m-—-beg
and if we define
V{i}= min 4(g) 4.6)
geG{i}

then the invariant measure of the chain can be easily estimated in terms
of e V{18,

Our renormalization procedure in this context corresponds to break-
ing up the problem into finding the graph g minimizing V{i} in simpler
minimization problems on a sequence of independent scales. In fact, we can
note that if we consider the first chain constructed in our analysis, that is,
the chain X, on the stable states, and if we suppose to know the graph g*
minimizing V{i}, defined as (4.6) for the chain X,, we can then construct
a graph g¥ minimizing V{i}. In fact, to each m>negk, m, ne M, we
associate the sequence of arrows defined by the function ¢ which minimizes
the quantity A(m, n) and we add to the set of arrows constructed in this
way all the sequences of arrows starting from cach unstable state not yet
touched by the previous sequences of arrows, and going to a stable state
and such that their contribution to 4(g) is zero (see the first part of the
proof of Proposition 2.2 for a proof that this is always possible). In this
way we have defined a set of arrows containing an {i}-graph g* such that

A(gH) < Vit + (M -1)V, (4.7)
On the other hand, we have the inequality
V{ii}=P{i}+ (M| — 1)V, (4.8)

In fact, if g is a graph minimizing V{i}, then for each k € M it contains
a sequence of arrows going from k to another point in M, say j, without
touching other stable states and contributing to V{i} with a quantity
greater than or equal to A(k, j). The set of these transitions between stable
states provides an {i}-graph in the space M.

From (4.7) and (4.8) we can conclude that the graph g}* constructed
above minimizes V' {i}. By repeating this argument on each scale we obtain
the solution of the minimization problem.
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A similar discussion can be developed for the problem of the exit of
the Markov process from a given domain, which can be analyzed in terms
of graphs.
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